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Kato and Tanabe [I, 21 gave the sufficient condition for a family {A(t)}, 
0 < t ,( T, of closed linear operators acting in a complex Banach space X 
to generate a “holomorphic” evolution operator U(t, s). In this paper, we 
show that the condition given by Kato and Tanabe is not only sufficient but 
also necessary for the generation of the holomorphic evolution operator. 
Our result is given by: 
THEOREM 1. Let 0 < 0 < m/2. Let A be a complex convex open neigh- 
borhood of the closed real interval [0, T]. We set 
Q, = {(s, t); s, t E A, I arg(t - s)l < S> 
and 
Z(h; Ol , 0,) = {x E C; 1 x I 3 A, 0, < arg z < 0,}. 
Suppose that { U(t, s)}, (s, t) E Q0 , is a family of bounded linear operators in a 
complex Banach space X satisfying the conditions: 
(I) U(t, s) U(s, r) = U(t, r), (r, s), (s, t) ESZ@, U(t, t) = I, t E A; 
(II) for any E > 0, U(t, s) is uniformly bounded for (s, t) in Q,-, and is 
strongly continuous (within Qe-,) at s = t; 
(III) U(t, s) is analytic in (s, t) E Go . 
Then a family {A(t)}, t E A, of operators in X defined by 
D(A(t)) = {x E X; &I h-l[U(t + h, t) - I] x = exists] 
A(t) x = T&i h-l[U(t + h, t) - I] x, x E D(A(t)). 
@(A(t)) = the domain of A(t)) 
has the properties 
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(a) for each t in A, A(t) is a densely de$ned closed linear operator in X; 
(k) for any compact set K in A and any E > 0 there exist constants X,, and M 
such that 
(h- 1) the sector 
is contained in the resolvent set p(A(t)) of A(t) for t in some neighborhood qf K, 
(b-2) ll(z - A(t))-1 /( & M/l x ( for z in Z; and t on K, 
(b-3) for each $xed z in & , (z - A(t))-l is holomorphic for t in some 
neighborhood of K. 
Moreover, we have 
; r,yt, s) = A(t) L:(t, s), (1) 
g; U(t, s) x = - U(t, s) A(s) x, x E D&A(s)), (s, f) E QB . (4 
Conversely, a family {A(t)} of operators satisfying the conditions (a) and (b) 
generates a holomorphic evolution operator U(t, s) with the properties 
(I)-(III). More precisely, we have: 
THEOREM 2 (Kato and Tanabe [l, 21). If a family (A(t)}, t E A, of 
operators in X satisfies the conditions (a) and(b) in Theorem I, then there exists a 
family { U(t, s)}, (s, t) E Qe , of bounded linear operators in X with the properties 
(I)-(III) in Theorem 1, such thatfor x in D(A(t)), h-l[U(t + h, t) - I] x has a 
(strong) limit in X for h -+ 0 (h > 0) and its limit is equal to A(t) x. Moreover. 
U(t, s) satisfies (I) and (2). 
Proof of Theorem 1. Let t* be any point in A and let 0 < E < 01’3. Then 
there exist four points tl , 2, a, 4 t t t in d and 8 > 0 such that the disk 
(t E C; i t - t” / < S> of radius 8 with its center t* is contained in d and 
such that 0 - 2~ < arg(t - tl) < 6J - E, B - 2~ 6 arg(t, - t) < 0 - E, 
-13 + E < arg(t - tz) < ~ 0 + 2~, - 0 + c < arg(t, - t) :< - 0 -+ 2~ 
for all t in ( t - t* 1 < 6. We set 
Iqt, t,; 27) = jt e-z(t-s) U(t, s) ds, 
tl 
W(t, , t; .z) = 1:” e-z(s-t)U(s, t) ds, (f E w% 
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the paths of integration being taken along the (complex) segment [tr , t] and 
[t, t,], respectively, where D(S) E {t E C; 1 t - t* 1 < S}. Then V(t, t,; z) 
and W(t, , t; z) have the following properties 
(i) V(t, t,; z) and FV(t, , t; z) are holomorphic in t ED(~); 
(ii) V(t, t,; .z) and I&‘(& , t; z) satisfy the estimates 
II w t,; 4 < K/l z I > (3) 
II WCs 3 t; 41 d N/l z I > (4) 
for t in D(S) and I arg(z) + 0 ] < n/2 - 3~, M, being a constant independent 
of z; 
(iii) V,(t, t,; z) (= (a/at) V(t, t,; z)) and Wt(t, , t; z) satisfy the estimates 
II Vtk hi 31 < K/l x 1; II w&> t,; 411 < J&/l .z I , (5) 
for t in D(S/2) and ] arg(x) + 0 I < 42 - 3~, M, being a constant independ- 
ent of z; 
(iv) for each t in D(S) hV(t, t,; A) strongly converges to the identity I as 
real h tends to co; 
(v) V(t, t,; z) x is in D(A(t)) for x in X and z in C; 
(4 (z - A(t)) qt, t,; z) = I - V,(t, t,; x) 
W(t, ) t; z) (z - A(t)) x = x + W&, , t; z) x 
for t in D(6/2), z in @ and x in D(A(t)). 
We show the statement on I/ only; that on W can be similarly shown. 
Vh(t, t,; z) = 1:” e-‘t-s’zU(t, s) ds 
(sufficiently small h > 0) is holomorphic in t ED@‘) (0 < 6’ < 8) and con- 
verges (strongly) uniformly in t on any compact set in A to V(t, t,; x) as 
h --+ 0 (h > 0). Hence V(t, t,; x) is holomorphic in t ED(S). Setting 
N = sup /I U(t, s)jj where the sup is taken over the set 
we have 
II w, t,; 411 < St e-Rez(t-s) I/ U(t, s)\l ) ds ) 
t1 
<N s 
t exp(- I z ] I t - s ( cos(0’ + 0”)) 1 ds / 
t1 
< N/(1 z j * sin E) 
= const/l x I , 
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for t E D(6) and / arg(z) + ~9 1 < 7rj2 - 3~ where 8’ = arg(z) and 
0” == arg(t - tI). 
Since V(t, f,; x) is holomorphic, we have, by the Cauchy integral formula, 
and so 
Hence 
< const/j 2 PY WI 
for t in D(6/2) and / arg(z) + 19 1 < r/2 - 3~, showing (iii). By the strong 
continuity of U(t, s) at s = t, 
hV(t, t,; A) = h 1” e-A(t-s)U(t, s) ds 
h 
i 
A(t-Q 
= e-W(t, 1 - X-4) ds 
0 
converges strongly to 
J’ 
30 
ePU(t, t) ds = I, 
0 
as real h tends to 00. Thus we have (iv). Simple calculation shows 
V(t + h, t,; z) - V(t, t,; 4 
= .*::” e-Z(f+h-“)U(t + A, s) ds - r’l e-z(t-s)U(t, s) ds 
I 
=c 
t+h 
e-z(t+h-s)U(t + h, s) ds 
t 
+ JIl [e- z(t+h-s) _ e-z(t-s)] U(t + h, s) ds 
+st 
e-z(i-s)[U(t + h, s) - U(t, s)] ds 
t1 
(6) 
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By the analyticity in t of V(t, t,; z), 
h-l[V(t + h, t,; z) - lqt, t,; z)] --f Vt(t, t,; z) 
(strongly) for h - 0 (h > 0). It is easy to see that h-rJ, + I and 
A-rJa ---f - zV(t, t,; z) for h --f 0 (h > 0). Hence h-‘Ja is strongly convergent 
for h -+ 0. Since Ja = [U(t + h, t) - 11 V(t, t,; z) by the assumption (I), we 
have, by (61, 
and 
lii h-l[U(t + h, t) - I] V(t, t,; z) = exists (= yj 
A(t) yt, t,; 4 = y 
= V,(t, t,; x) + xyt, t,; 4 + 1, 
which shows (v) and (vi). 
Let 0 < 77 < 1. Taking A,, so large that 
II v,o, t,; 41 < 1 - 71 II Wt(t, 7 t; ZjII < 1 - rl (7) 
for t in 0(8/Z) and 1 z ) > A,, [see (5)], we define bounded operators 
B,(t, h; 4 and &(t, , t; 4 by 
qt, t,; 2) = qt, t,; 4 (1 - v,(t, t,; wl, 
qt3, t; -q = (1 + Wt(ts, t; z))-’ qt, > c 4, 
for t in D(S/2) and x in 
q+ E /z (A,; - + - L9 + 36,: - l9 - 36) . 
Then, by (i)-(iv), B, and B, have the properties: 
(i’) B,(t, tl; z) is holomorphic in t E 0(8/Z) for each fixed z in &+; 
(ii’) (1 B,(t, t,; x)1\ < MC/\ z / for t in D(S/2) and z in &+, MC being a 
constant independent of z; 
(iii’) (,z - A(t)) B,(t, t,; z) = I; Bz(t, , t; z) (z - A(t)) x = x for x in 
W(t))* 
Indeed, expand B,(t, t,; x) 
B,(t, t,; 4 = 2 v(t, t,; 4 (v,(t, t,; 4>n. (8) 
F&=0 
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We have, by (7) and (3), the estimate 
Hence we have (i’) and (ii’) by (S), (9), and (i). Then (iii’) easily follows 
from (vi). 
By (iv) and (v), D(A(t)) is dense in X. By (iii’) and (vi), 
B,(& t,; z) = (Lx - A(t))-] 
and B, has the properties; 
(i”) &+ C p(i2(t)), t E D(6/2) 
(ii”) i~(z - A(t))-l 11 < const// z 1 for z in .Z<+ and t in D(S/2) 
(iii”) (z - ,4(t))-l is holomorphic in t eD(Sj2) for each fixed z in &+. 
Similarly if we use t, , t, instead of t, , t, , we can see 
(;“‘) LT- Es Z(h,; - i-r/2 + e + 3e, n/2 + e - 3E) c &4(t)); 
(ii”‘) ij(z - A(t))-l 11 < const// ZJ 1 for z in ZE- and t in 0(8/Z); 
(iii”‘) (z -- A(t))-l is holomorphic in t for each fixed x in xc-. 
Since any compact set K in A is covered by a finite number of 
disksjt; t,* -- t 1 < S,}, it is easy to see that the conditions (a) and (b) hold. 
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